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Abstract:

In this paper problem of modeling and control of 4-wheel skid-steeriogile robot is pre-
sented. To obtain practical stabilization for both admissible and non-adregsdjectories
[13, 7, 8], i.e. trajectories which do not satisfy nonholonomic constraioftrol scheme
which is based on kinematic algorithm [4, 5] is proposed. Theoreticakic@mations are
verified by numerical simulation and experiments. In addition some detailsetning im-
plementation of proposed algorithm is given.

1 Introduction

Skid-steering mobile robots (SSMRs)
are quite different from classical wheeled mo-
bile robots for which lack of slippage is usu-
ally supposed — see for example [3]. In addi-
tion interaction between ground and wheels
makes their mathematical model to be uncer-
tain and caused control problem to be dif-
ficult as it generally demands quite detailed
consideration of dynamic properties.

In this paper we propose to use a continuous
and time-differentiable control law which is
based on kinematic oscillator [5] to resolve_. . .
both regulation and trajectory tracking prob-':'gur_e L . Experimental - skid-
lem. Here we refer to work done by CaracciSteenng mobile robot
oloetal.[2] and our previous research which

can be found in [10, 13]. To illustrate performance of thetoater numerical simu-
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lations are presented. Next, experimental verificationgismall four-wheel SSMR
(see Fig. 1) is described and some results of experimentsivame.

2 Model of the robot

2.1 Introduction

In this section kinematic and dynamic model of four-wheetisdteering mobile
robot is presented. We refer to the real experimental cocisbn consists of two-
wheel differentially driven mobile robots namely MiniTke 3 (see Fig.1) [9].

In order to simplify the mathematical model of SSMR we asstimé[2]

e plane motion is considered only,
e achievable linear and angular velocities of the robot deively small,

e wheel contacts with surface at geometrical point (tire defttion is neglected),

vertical forces acting on wheels are statically dependenteight of the ve-
hicle,

viscous friction phenomenon is assumed to be negligible.

2.2 Kinematics

Firstly, consider a vehicle moving on two dimensional plavith inertial coordi-
nate frame(X,,Y,) as depicted in Fig. 1(a). To describe motion of the robot it is
convenient to define an local frame attached to it with origiits center of mass
(COM). Assume thay £ [ X Y 0 }T € R? denotes generalized coordinates,
where X, Y determine COM position ané is an orientation the local frame with
respect to the inertial frame, respectively.

Letv £ [ v, v, }T € R? be a velocity vector of COM expressed in the local
frame withv, andv, determining longitudinal and lateral velocity of the vdhic
[4].

From Fig. 1(a) it is easy to derive kinematic equation of motising rotation matrix
as follows

X cosf —sinf 0 Vg
g=|Y | =] sinf cosf® O Vy |, 1)
0 0 0 1 w

whereq € R? is the generalized velocity vector anddenotes angular velocity of
the vehicle.



(a) Free-body kinematics (b) Wheel velocities
relationships

Figure 2: Kinematics of SSMR

To complete kinematic model of SSMR additional velocity staints should be
considered with respect to the inertial frame. Accordingiéometrical situation
presented in Fig. 1(b) one can prove that coordinates oftitede of pointsP;,
Ps,....P, where the wheels of the robot touch the plane must satisfyl[23
A A
UV = Vig = V2z, VR = U3z = U4z,
A, _ a, 2
VUF = V2y = U3y, UB = Vly = U4y,
wherevy, vg denote longitudinal coordinates of left and right wheebegles, vy
andvp, are lateral coordinates of velocities of front and rear @erespectively.

Remark 1 From Fig. 1(b) it is clear [13, 12] thaw;,, is equal to zero for straight
motion only (i.e. ifw = 0), otherwisev;, # 0 that implies lateral skid that is
necessary to change orientation of such vehicle.

Notice thatw; andwgr which denote angular velocities of left and right wheels,
respectively, can be regarded as control inputs at kinerfetel and can be used to
control longitudinal and angular velocity according to tokkowing relationships

wr, +wpr —Wwy, +WprR

= r— e 3
ULE r 2 I w r 26 ) ( )

while r is so called effective radius of wheels [11] akdis a spacing wheel track
depicted in Fig. 1(a).

Remark 2 It is very important to note that equations (3) are valid oifliongitu-
dinal slip does not appear, otherwise they should be treatejist approximations
and to improve accuracy parameterandr should be identified experimentally.

Next, lateral velocity, which determines velocity of lateral slip of the vehicle can
be obtained as follows [13]
vy +xrcrpw = 0, (4)



wherez;cr is a coordinate of instantaneous center of rotation (ICRhefrobot
expressed along; axis. It can be proved that this equation in not integrabdacde
it describes nonholonomic constraint and can be writterfaffien form as

"= A(g)g=0, 5)

where equation (1) has been used. Since the generalizedtyejas always in the
null space ofA one can write that

qg==S(q)n, (6)

wheren € R? is a control input at kinematic level defined as

[—sin@ cos SL'[CR][X Y 6

T
nElv w], @)
S € R3*2 is the following matrix
cos) xropsind
S(g)=| sinf —xjcrcosd (8
0 1
which satisfies
57 (q) A" (g) = 0. ©)

Remark 3 Equation (6) describes kinematics of SSMR which will be tséatmu-
late control law. Sincelim () < dim (q) SSMR can be regarded as an underac-
tuated system. Furthermore, because of constraint (5sstem is nonholonomic.

2.3 Dynamics

Because of interaction between wheels and
ground dynamic properties of SSMR play a

very important role. It should be noted that} v, r

if the robot is changing its orientation reac- v y

tive friction forces are usually much higher %2/ v X

than forces resulting from inertia. As a con- F, -~ F;
sequence, even for relatively low velocities, F/ MO
dynamic properties of SSMR influence mo- F“ Fy/
tion much more than for other vehicles for A T
which non-slipping and pure rolling assump- N F'4-

tion may be satisfied. ¢ F,

However in this section only simplified dy- X,

namics of SSMR [2], which will be useful for
control purpose, are introduced. In order to
simplify this model we assume that the mass Figure 3: Forces and torques
distribution of the vehicle is almost homogeneous, kinetiergy of the wheels and



drives can be neglected and detailed description of tyrelwhan be found, for
example, in [11] are omitted.

A dynamic equation of SSMR can be obtained using Euler-Laggarinciple with
Lagrange multipliers to include nonholonomic constramd & can be written as

M(q)§+R(¢)=B(q)T+ A" (q) A, (10)

whereM < R3*3 denotes the constant, diagonal, positive definite inertifrim

] ; 11)

m, I represent the mass and inertia, respectivBlyg) € R? denotes vector of
resultant reactive forcels;, F,; and torquel/,.

m 0
M = 0 m
0 0

~N O O

Fs(q)cos® — F;(q)sinf
R(4) = | F.(q)sinf+ F(g)cosb |, 12)
M, (q)

B < R3*2 denotes input matrix and is explicitly defined as follows

cosf cosf

B(q)=-| sinf sinf |. (13)
r —C C
Thetermr =[ 7o & ]T € R? which appears in (10) can be treated as a control

signal at dynamic level and represents torques generatadtbgtors on the left and
right side of the robot. Notice that these torques produtiesaforcesF; (see Fig. 3)
that are theoretically independent on longitudinal slip.

The reactive forces and torque in (12) are calculated as

4 4
Fo(d) =) Fui(d), F(9)=>_ Fild (14)
=1 i=1
and
M, (q) = b[F2(9)+ Fis(q)] —alFn () + Fla(q)]

+e[=Fa(q) — Fea (q) + Fa3(q) + Fsa ()] (15)

where
Fy; (Q) £ tsi N; sgn (Uzz) , Py (q) £ ;N sgn (Uz‘y) (16)

while 1,; andyy; are dry friction coefficients foit” wheel in longitudinal and lateral
direction, respectively)V; is a reactive vertical force which acts on wheel and is
supposed to be statically dependent on weight of the vetieke [2]).



For control purpose it would be convenient to express dyoaguation ing andn
terms. According to it one can obtain that

Mn+Cn+ R=Br, 17)
where relationships (6) and (9) have been used,

M=8TMS, C=S8"™MS, R=STR, B=S"B. (18)

3 Controller

3.1 Operational constraint

In previous section the constraint (4) was considered. Mewd is difficult to
measure or estimate o value in practice. Therefore motivated by work done by
Caraccioloet al. [2] we put an artificial constraint based on (4) and assume tha
Trcr = To = const. It can be written as

vy + xow = 0, (19)

wherez, € (—a,b), while a andb are geometrical parameters depicted in Fig. 1(a).
This assumption is consequently used in control developarahcan be interpreted
as an outer-loop term in the controller which limits skid bétvehicle in lateral
direction [13].

3.2 Control objective

For control purposes the following tracking error is defined
LN AT S ~ ~ T
agt)=[ X)) Y@) 0@t)] =a)—q-(t), (20)

whereq, (t) = | X, (t) Y. (t) 6,(t) ]T denotes reference position and orien-
tation. We assume that for all times reference vector anfirisand second time
derivative are bounded, i.e (1), g, (1), G- (t) € L. Here we do not imposed
any additional restriction on reference siggal(regulation case can be considered,
too). Additionally, in opposite to the previous works [5,14), 13] we consider the
case for whichy,. is defined in a such way that velocities associated with itato n
satisfy nonholonomic constraints.

In order to facilitate subsequent control we determinerkiagc error assuming that
the constraint (19) is satisfied. Next, taking the time deie of equation (6) and
using relationship (9) one can conclude that

at)=S(@n—q-(t). (21)



3.3 Position and velocity transformations

Kinematic controller based on Dixon's scheme uses tranmsftion which trans-
forms original system — in this case described by equatid) £2to an auxiliary
system (22) similar to nonholonomic Brockett’s integrdtdr

w=uTJTz4+ f, 2=u, (22)

where variablesy € R! andz € R? form three-dimensional state vectare R2 is
a new velocity control vector anfic R! is a drift of the system, whild represents
a constant, skew symmetric matrix defined as

J:H _01] (23)

It can be proved that following transformation defines glabfieomorphism with
respect to the origin

Z2[w 27T ]sz(e,é)q, (24)
where
~ —0cosf + 2sinf plgz—ésin9—2c059 —2x0
P (9,9) - 0 0 1 |. (25)

cosf sin 0 0

Using this transformation and calculating auxiliary esrate can find velocity trans-
formation which relates velocity vecterwith control signaks as follows

n=T(q,q) u+1II, (26)
where
raa-| 7 | (27)

is an invertible velocity transformation matrik,= X sin — Y cos # and

w,L + X, cosf + Y, sinf } 28)

W

II(q,g- 1) = [

is a time-varying vector associated with reference trajgctin the similar way we
can calculate drift ternf as follows

f:2{w,« (mo—&—zQ—XTsinQ—i—YrcosG)}. (29)

Summarizing, the obtained velocity transformation alldwsuse kinematic con-
troller to resolve practical stabilization for admissilled non-admissible trajecto-
ries.



3.4 Control law

In this paper we propose to resolve control at kinematid lesimg algorithm based
on Dixon’s research. The more details concerning this apgr@an be found in
[5, 4, 13]. This controller allows to obtain practical siaation [7], i.e. tracking
error is bounded to the assumed non zero value. The actuatdesnnel of er-
rors is determined by functiody, (t) = apexp (a1t) + 1, whereap, a; > 0 are
constant parameters ang denotes desired steady-state value of vegtororm.
This function describes envelope of an additional signabenerated by tunable
oscillator.

In order to extend kinematic algorithm at dynamic level akséepping technique
is used. Based on Lyapunov analysis we propose the folloeontyol law which is
robust on dynamic parameter uncertainty

T2 B N (wlz+ 2+ Y00 + 74 + ksit) , (30)
whereY (ugq, %4, q,0,q,) € R?*° represents known regression matrix as
My + Cug + R = Yy (w4, 4, 4,0,4,) 9, (31)
M =T"MT, C=T"(CT+MT),
R=TT (C*H+J\ZIH+R>7 B=T7B, (32)

with k3 > 0, while u is a velocity control signal generated by kinematic cotrol
(see [13]),¥ and¥, are actual and a constant, best-guess estimation of dyabmic
parameter vector, respectively. According to [14] and [t termr, is defined as

A pQYdTﬁ’

Ta = d|

— 33
Yot e %)

wheree; is a positive constant scalar which can be made arbitraryl.siftae dy-
namic parameters in (31) are determined as

9E[m I pr pr pr MB]TERG (34)
with weighted friction coefficients defined as

A biis1 + aps2 A b,us4 + apiss

B KR
a-+b a+b
a 2a (2 + ps) a 20 (i1 + pa) (35)
HF a+ b , HMB a+ b

Remark 4 It can be proved [10] that proposed kinematic control law adtedex-
tension at dynamic level ensures practical stabilizatiedng ultimately bounded
tracking error under assumptions that constraint (4) iss@td, parameters uncer-
tainty is limited and trajectory signals are bounded thas eeen pointed in section
3.2.



4 Simulation results

In this section we present simulation results performed atldb/Simulink envi-
ronment to verify behavior of the controller. The parametefthe SSMR model
were chosen to correspond as closely as possible to theqeaimental robot pre-
sented in section 1 in the following manner:= b = 0.039[m], ¢ = 0.034[m],

r = 0.0265[m], m = 1[kg], I = 0.0036[kg - m?].

Permissible torque signal and angular velocities of wheedse saturated as:
Tmaz = 0.25[Nm], wmar = 56[rad/s]. Friction parameters of the surfage;
andu;;were modeled using scalar functions depending on actu@igosf center
of i*" wheel expressed in the inertial frame and were supposed bmieded as
follows: 0.02 < pg; < 0.18,0.2 < py; < 0.8.

Remark 5 For comparison purpose initial conditions and the parametssumed
in simulations correspond to those used in experimentshndme described in sec-
tion 5.

Firstly, regulation problem is examined. The initial pasterror was selected as
q(0) = [ 0 05 —m/4 ]T. The control gains were given &s = 0.5, ks = 0.5,
ks = 10, while coefficients which determine accuracy in steadyesteeres; =
0.01 ande; = 0.1. The oscillator signal was initialized as follows

24(0) =1.5[ cos(—7/3) sin(—m/3) ]T
and the coefficient which determines desired convergeneerofs was selected as
a1 = 0.4.

The best-guess estimates of mass and inertia were 20 anddghpkigher, respec-
tively, than parameters assumed for the robot model. Nestimates of friction
coefficients were selected asg = pro = 0.1 andpurg = pupo = 0.5, while
bounding coefficienp = 1. Furthermore, the constan related to ICR position
was assumed to be equal+®.02 [m).

In Fig. 3(a) performed trajectory in Cartesian space isaegdiand the position and
orientation is marked at every second of simulation. Frog B{b) it is clear that
initial errors are significant reduced and in steady-steddbaunded as follows

‘f(l < 5[mm], ‘}7’ < 5[mm], ’é‘ < 0.01[rad).

It is worth to note that convergence to the set of permisshiers is exponential.

In the next simulation trajectory tracking were examinele §inusoidal admissible
reference trajectory were selected as

X, =0.1t[m], Y, =0.3sin(0.6t) [m],

while 6,. was numerically calculated to satisfy the constraint (T9)e initial oscil-
lator signal was selected as

24(0) = 0.4 [ cos (=m/2) sin(—m/2) ]"
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Figure 4: Regulation case

and the gain coefficierit, was increased to 1 in comparison to the previous simu-
lation. Other parameters of the controller remained ungédn
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Figure 5: Admissible trajectory case

The reference and performed trajectory are presented id{&Qusing stroboscopic
view, while position and orientation errors are depicte&img 4(b). These steady-
state errors are bounded as

‘X’ < 10[mm], (f/’ < 10[mm], ‘(5’ < 0.01[rad).

It should be noted that further error reduction in steadyesis possible by choosing
smaller values;. Next, convergence of errors may be improved by increasihgev

«1. However, tuning of the controller parameters should taite consideration

limitation of torque and velocity signals since forcing temall desired errors or
too fast convergence may result in bad performance of theater and may cause
chattering phenomenon.



5 Experimental verification

5.1 Experimental setup

The experimental setup depicted in Fig. 6 consists of SSMRBilmoobot built on
the redesigned MiniTracker-3 robots and test board on wthiehrobot moves. To
localize the robot we were not able to use classical odonsgstem because of slip
phenomena. Instead of it we used an external vision systeim fiée form of video
camera SONY DCR-TRV900E and PC Pentium 4 1.6 GHz computépped with
frame-grabber card Matrox CORONA which converts analogaigo digital sig-
nal. To inquire information about actual robot posture imensional images were
processed by software algorithm operated by the computdregscame from the
camera. To simplify and improve recognition of the robot ddigonal color mark-
ers were placed on it.

The software has been written in C++ lan-
guage and were performed under MS Win-
dows 2000 system. The system synchroniza-
tion was achieved by using frame-grabber
card which allows to obtain 25 measurements
per second. The communication between the
robot and PC was ensured by radio link with

throughput up to 115,2 kbit/s.

The main drawback of used localization sys-
tem lies in relatively small frequency of data
acquisition (25 times per second) and small Main raéﬁo
accuracy of determining orientation of controller |
the robot. As a consequence measurement of g ,
angular velocity were noisy and therefore it
was no possible to implement robust control
law presented in section 3.4.

Instead of it control task was divided between
PC and internal controller of the experimen-
tal robot. Next, we modified the controller  Figure 6: Experimental setup

at kinematic level by calculating directly de-

sired angular velocities ;, andwgg of the left and right wheels, respectively, ac-
cording to (26) and (3) as follows

[ﬁﬂ:%“ —CcHé _OA]<TW+H>, (36)

Camera

where parameterhas been identified experimentally.

These signals determined by PC using actual posture measnotevere sent to the
robot using radio-link. The on-board PI controller workiwgh frequency 512Hz
controlled velocity of wheels using current forcing modg tfeat gives short tran-
sient phase during regulation process.



To calculate oscillator signal; trapezoidal integration routine was used. In addition
to ensure numerical stability of the algorithm scaling epien was performed to
stabilized envelope dfz,| determined by functiody (¢).

i o —— = = = ) = = — —————
.gl Integrating procedure 1] 1 §
X currents | Power
21 [ Trajectory 3 » 11| Motors bridges I'e
g | | generator . ,Initial conditions, | I AS
Oy T 4 | envelope | PWM signals gl S
a | _ v v | I ..ol e
1 w : B
| ‘i’ Transformation Tuneable ﬁ Kinematic || lociti Pl : gl g:_
| of coordinates oscillator | ] control faw| | velocities controller| + SI
3 + ? —_——— -y ;g [}
| Z Integrating procedure udl Or D dLT DR E'él
B q g ) : H
5/ vye 102 L 3l
£ Localization Velocity | / Radio .§|
= ocallizatio . |-» Radio l: 1)
| | Vision system transformation | | Lo 2|
————————————— —

Figure 7: Controller diagram

Remark 6 It should be noted that implemented control scheme is basedsump-
tion that longitudinal slip is negligible. In theory this slsmption would not be
necessary for overall controller previously verified in glation section.

5.2 Results

To validate the proposed simplified algorithm results ofe¥kpents are presented.
Firstly, we considered the regulation problem, i.e. paglproblem. The parameters
of the controller and initial conditions were presenteddnti®n 4, howevee; was
increased t®.05 to ensure better robustness and less sensitiveness toreraast
noise.

The results are depicted in Figs. 7(a)-7(b). From Fig. 7(&)aan see that steady-
states position and orientation errors were bounded amfsl|

‘f(‘ < 20[mm)], ’f” < 20[mm)], ‘é‘ < 0.03[rad).

In the next experiment trajectory tracking was verified. Téference trajectory was
the same as it used in simulation and the paramgtevas selected as; = 0.15
to improve robustness of the controller. From Fig. 8(a) afig) 8ne can see that
accuracy of tracking is significantly less than accuracyivietd for regulation that
results mainly from unmodeled dynamic effects (for exanspfephenomenon) and
delays in the control loop. The tracking errors were boureted

‘X‘ < 80[mm], ’Y/’ < 180[mm), ‘é’ < 0.3[rad).
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Figure 8: Experimental results — regulation case
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Figure 9: Experimental results — trajectory tracking case
6 Summary

In this paper the control algorithm which resolves bothett&gry tracking and reg-
ulation problem for 4-wheel skid-steering mobile robot isgented. In particular
much attention is dedicated to show implementation andraxeatal results for

the controller. We believe that further improvement of aacy is possible by using
a new measurement and localization system in form of mdrolidptical sensors
and accelerometers. It would allow to implement overalltcarscheme presented
in theoretical description.

On the other hand it is worthy to note that SSMR is quite diffite control that
results from unmodeled dynamic effects, hence achievirgjldracking errors may
be impossible. Therefore the algorithms which ensure acstabilization with
good robustness on unmodeled phenomena can be very uspfatiice [8].
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