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Abstract

We consider a series of companies in a sup-
ply chain, each of which orders from its im-
mediate upstream members. Usually, the re-
tailer’s orders do not coincide with the ac-
tual retail sales, as the retailer tries to ”out-
guess” the coming actual demand from the
market. Similarly, the wholesaler’s orders to
the producer do not coincide with the actual
demand of the retailers. The bullwhip ef-
fect refers to the phenomenon where orders
to the supplier tend to have larger variance
than sales to the buyer (i.e. demand distor-
tion), and (similarly) the orders to the pro-
ducer will have a still larger variance. Thus
the distortion propagates upstream in an am-
plified form (i.e. variance amplification). We
show that if the members of the supply chain
share information and agree on better and
better fuzzy estimates (as time advances) on
future sales for the upcoming period then the
bullwhip effect can be significantly reduced.

Keywords: Fuzzy numbers, variance of fuzzy num-
bers, demand signal processing

1 Introduction

The Bullwhip Effect has been the focus of systematic
theoretical work only in recent years. The first articles
to report on research results in a more systematic fash-
ion [5] have been published only recently. The effect is
often identified with the simulation experiment, The
Beer Game, which is used to demonstrate the effects
of distorted information in the supply chain (which is
the cause of the bullwhip effect).

There are some examples published which demon-
strate the bullwhip effect: (i) P & G has over the years
been successful producers and sellers of Pampers, and
they have seen that babies are reliable and steady con-
sumers; (ii) the retailers, however, show fluctuating
∗Supported by the E-MS Bullwhip project TEKES 40965/98

sales, although the demand should be easy to estimate
as soon as the number of babies is known; (iii) P & G
found out that the orders they received from distribu-
tors showed a strong variability, in fact much stronger
than could be explained by the fluctuating sales of the
retailers; finally, (iv) when P & G studied their own
orders to 3M for raw material they found these to be
wildly fluctuating, actually much more than could be
explained by the orders from the distributors [6].

The key driver of the bullwhip effect appears to be
that the variability of the estimates or the forecasts
of customer demand seems to amplify as the orders
move up the supply chain from the customer, through
retailers and wholesalers to the producer of the prod-
uct or service. This is called the bullwhip, the whiplash
or the whipsaw effect.

In a number of studies [5, 6], it appears that the
bullwhip effect will have a number of negative effects
and that it will cause significant inefficiencies:

1. Excessive inventory investments throughout the
supply chain as retailers, distributors, logistics
operators and producers need to safeguard them-
selves against the variations.

2. Poor customer service as some part of the supply
chain runs out of products due to the variability
and insufficient means for coping with the varia-
tions.

3. Lost revenues due to shortages, which have been
caused by the variations.

4. The productivity of invested capital in operations
becomes substandard as revenues are lost.

5. Decision-makers react to the fluctuations in de-
mand and make investment decisions or change
capacity plans to meet peak demands. These de-
cisions are probably misguided, as peak demands
may be eliminated by reorganisations of the sup-
ply chain.

6. Demand variations cause variations in the lo-
gistics chain, which again cause fluctuations in
the planned use of transportation capacity. This
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will again produce sub-optimal transportation
schemes and increase transportation costs.

7. Demand fluctuations caused by the bullwhip
effect may cause missed production schedules,
which actually are completely unnecessary, as
there are no real changes in the demand, only
inefficiencies in the supply chain.

There are some studies [5], which have revealed four
key reasons for the occurrence of the bullwhip effect.
These include (i) the updating of demand forecasts,
(ii) order batching, (iii) price fluctuations and (iv) ra-
tioning and shortage gaming.

The updating of demand forecasts appears to be a
major source of the bullwhip effect. The parties of
the supply chain build their forecasts on the historical
demand patterns of their immediate customers. In
this way, only the retailers build on the actual demand
patterns of the customers, the other parties adjust to
(unmotivated) fluctuations in the ordering policies of
those preceding them in the supply chain.

Another effect will also occur: if everybody reacts
to fluctuations with smoothing techniques (like ex-
ponential smoothing), the fluctuations will amplify
up through the supply chain. It appears that safety
stocks, which are popular smoothing devices, will ac-
tually amplify the bullwhip effect.

The order batching will appear in two different
forms: (i) periodic ordering and (ii) push ordering. In
the first case there are a number reasons for building
batches of individual orders. The costs for frequent
order processing may be high, which will force cus-
tomers into periodic ordering; this will in most cases
destroy customer demand patterns. There are mate-
rial requirement planning systems in use, which are
run periodically and thus will cause that orders are
placed periodically. Logistics operators often favour
FTL-batches and will determine their tariffs accord-
ingly. These reasons for periodic ordering are quite
rational, and will, when acted upon, amplify variabil-
ity and contribute to the bullwhip effect. Push order-
ing occurs, as the sales people employed by the pro-
ducers try to meet their end-of-quarter or end-of-year
bonus plans. The effect of this is to amplify the vari-
ability with orders from customers overlapping end-of-
quarter and beginning-of-quarter months, to destroy
connections with the actual demand patterns of cus-
tomers and to contribute to the bullwhip effect.

The producers initiate and control the price fluctua-
tions for various reasons. Customers are driven to buy
in larger quantities by attractive offers on quantity
discounts, price discounts, coupons or rebates. Their
behaviour is quite rational: to make the optimal use
of opportunities when prices shift between high and
low. The problem introduced by this behaviour is that
buying patterns will not reflect consumption patterns

anymore, customers buy in quantities which do not re-
flect their needs. This will amplify the bullwhip effect.
The consequences are that producers (rightfully) suf-
fer: manufacturing is on overtime during campaigns,
premium transportation rates are paid during peak
seasons and products suffer damages in overflowing
storage spaces.

The rationing and shortage gaming occurs when
demand exceeds supply. If the producers once have
met shortages with a rationing of customer deliver-
ies, the customers will start to exaggerate their real
needs when there is a fear that supply will not cover
demand. The shortage of DRAM chips and the follow-
ing strong fluctuations in demand were a historic case
of the rationing and shortage game. The bullwhip ef-
fect will amplify even further if customers are allowed
to cancel orders when their real demand is satisfied.
The gaming leaves little information on real demand
and will confuse the demand patterns of customers.

It is a fact that these four causes of the bullwhip
effect may be hard to monitor, and even harder to
control in the (our case: forest products) industry.
We should also be aware of the fact that the four
causes may interact, and act in concert, and that the
resulting combined effects are not clearly understood,
neither in theory nor in practice. It is probably the
case, that the four causes depend on the supply chain’s
infrastructure and the strategies used by the various
actors.

The factors driving the bullwhip effect appear to
form a hyper-complex, i.e. a system where factors
show complex interactive patterns. The theoretical
challenges posed by a hyper-complex merit study, even
if significant economic consequences would not have
been involved. The costs incurred by the consequences
of the bullwhip effect offers a few more reasons for
carrying out serious work on the mechanisms driving
the effect. Thus we have built a theory to explain at
least some of the factors and their interactions, and
we have created a support system to come to terms
with them and to find effective means to either reduce
or eliminate the bullwhip effect.

With a little simplification there appears to be three
possible approaches to counteract the bullwhip effect:
Find some means to share information from down-
stream of the supply chain with all the preceding
actors. Build channel alignment with the help of
some co-ordination of pricing, transportation, inven-
tory planning and ownership - if this is legal accord-
ing to anti-trust legislation. Improve operational ef-
ficiency by reducing cost and by improving on lead
times.

The first approach can probably be focused on find-
ing some good technology to accomplish the informa-
tion sharing, as this can be shown to be beneficial for
all the actors operating in the supply chain.

The second approach can first be focused on some



non-controversial element, such as the co-ordination
of transportation or inventory planning, and then the
alignment can be widened to explore possible interac-
tions with other elements.

The third approach is probably straight-forward:
find inefficiencies in operations in selected strategic
business units, find ways to reduce costs and to im-
prove on lead times, and explore if these solutions can
be generalised for more actors in the supply chain.

The most effective - and the most challenging - effort
will be to find ways to combine elements of all three
approaches and to find synergistic programs, which
will have the added benefit of being very resource-
effective, to eliminate the bullwhip effect.

In a research program carried out in 1998-99 with
the Finnish forest products industry we developed a
series of soft computing models, in which the optimal
action programs were built with fuzzy optimization
and approximate reasoning tools, and used them to
tackle and tame the bullwhip effects in the market
for fine papers. The soft computing models were im-
plemented on a hyperknowledge platform and we used
software agents to support and make the demand fore-
casting more effective.

In this paper we concentrate our attention on de-
mand signal processing and show that if the members
of the supply chain share information and agree on
better and better fuzzy estimates (as time advances)
on future sales for the upcoming period then the bull-
whip effect can be significantly reduced.

We will address the other three effects in forthcom-
ing papers.

Our setting is the fine paper market in Europe as
we have been able to to work with the bullwhip effect
in cooperation with two major forest products corpo-
rations. We have verified the existence of the bullwhip
effect with actual market data and we have been able
to test and verify our problem solving approach with
management teams in both corporations.

2 Demand Signal Processing

Lets focus on the retailer-wholesaler relationship (the
framework applies also to a wholesaler-distributor or
distributor-producer relationship). Now we consider
a multiple period inventory model where demand is
non-stationary over time and demand forecasts are up-
dated from observed demand.

Lets assume that the retailer gets a much higher
demand in one period. This will be interpreted as a
signal for higher demand in the future, the demand
forecasts for future periods get adjusted, and the re-
tailer reacts by placing a larger order with the whole-
saler. As the demand is non-stationary, the optimal
policy of ordering up to S also gets non-stationary.
A further consequence is that the variance of the or-

ders grows, which is starting the bullwhip effect. If
the lead-time between ordering point and the point
of delivery is long, uncertainty increases and the re-
tailer adds a ”safety margin” to S, which will further
increase the variance and add to the bullwhip effect.

Lee et al [5] simplifies the context even further by
focusing on a single-item, multiple period inventory,
in order to be able to work out the exact bullwhip
model.

The timing of the events is as follows: At the be-
ginning of period t, a decision to order a quantity zt is
made. This time point is called the ”decision point”
for period t. Next the goods ordered ν periods ago
arrive. Lastly, demand is realized, and the available
inventory is used to meet the demand. Excess demand
is backlogged. Let St denote the amount in stock plus
on order (including those in transit) after decision zt
has been made for period t.

Lee at al [5] assume that the retailer faces serially
correlated demands which follow the process

Dt = d+ ρDt−1 + ut

where Dt is the demand in period t, ρ is a constant
satisfying −1 < ρ < 1, and ut is independent and
identically normally distibuted with zero mean and
variance σ2. Here σ2 is assumed to be significantly
smaller than d, so that the probability of a negative
demand is very small. The existence of d, which is
some constant, basic demand, is doubtful; in the forest
products markets a producer cannot expect to have
any ”granted demand”. The use of d is technical, to
avoid negative demand which will destroy the model,
and it does not appear in the optimal order quantity.
After formulating the cost minimization problem Lee
et al [5] proved the following theorem,

Theorem 2.1. In the above setting, we have:
(1) If 0 < ρ < 1, the variance of retails orders is

strictly larger than that of retail sales; that is,

Var(z1) > Var(D0)

(2) If 0 < ρ < 1, the larger the replenishment lead
time, the larger the variance of orders; i.e. Var(z1) is
strictly increasing in ν.

This theorem has been proved using the relation-
ships

z∗1 = S1 − S0 +D0

=
ρ(1− ρν+1)

1− ρ (D0 −D−1) +D0

(1)

and

Var(z∗1) = Var(D0) +
2ρ(1− ρν+1)(1− ρν+2)

(1 + ρ)(1− ρ)2
> Var(D0)



where z∗1 denotes the optimal amount of order. Which
collapses into

Var(z∗1) = Var(D0) + 2ρ

for ν = 0.
The optimal order quantity is an optimal ordering

policy, which sheds some new light on the bullwhip ef-
fect. The effect gets started by rational decision mak-
ing, i.e. by decision makers doing the best they can.
In other words, there is no hope to avoid the bullwhip
effect by changing the ordering policy, as it is difficult
to motivate people to act in an irrational way. Other
means will be necessary.

3 Fuzzy numbers

A fuzzy number A is a fuzzy set of the real line with a
normal, (fuzzy) convex and continuous membership
function of bounded support. The family of fuzzy
numbers will be denoted by F .

A γ-level set of a fuzzy number A is defined by
[A]γ = {t ∈ R|A(t) ≥ γ} if γ > 0 and [A]γ = cl{t ∈
R|A(t) > 0} (the closure of the support of A) if γ = 0.

If A ∈ F is a fuzzy number then [A]γ is a closed
convex (compact) subset of R for all γ ∈ [0, 1]. Let us
introduce the notations

a1(γ) = min[A]γ , a2(γ) = max[A]γ

In other words, a1(γ) denotes the left-hand side and
a2(γ) denotes the right-hand side of the γ-cut. We
shall use the notation

[A]γ = [a1(γ), a2(γ)].

The support of A is the open interval (a1(0), a2(0)).
Let [A]γ = [a1(γ), a2(γ)] and [B]γ = [b1(γ), b2(γ)]

be fuzzy numbers and let λ ∈ R be a real number.
Using the extension principle we can verify the follow-
ing rules for addition and scalar muliplication of fuzzy
numbers

[A+B]γ = [a1(γ)+b1(γ), a2(γ)+b2(γ)], [λA]γ = λ[A]γ

Definition 3.1. A fuzzy set A is called a triangular
fuzzy number with peak (or center) a, left width α > 0
and right width β > 0 if its membership function has
the following form

A(t) =




1−
a− t
α

if a− α ≤ t ≤ a

1−
t− a
β

if a ≤ t ≤ a+ β

0 otherwise

and we use the notation A = (a, α, β). It can easily be
verified that

[A]γ = [a− (1− γ)α, a+ (1− γ)β], ∀γ ∈ [0, 1].

The support of A is (a− α, b+ β).

A triangular fuzzy number with center a may be
seen as a fuzzy quantity ”x is approximately equal to
a”.

Let A and B be fuzzy numbers with [A]γ =
[a1(γ), a2(γ)] and [B]γ = [b1(γ), b2(γ)]. We metricize
the set of fuzzy numbers by the Hausdorff-metric

H(A,B) = sup
γ∈[0,1]

max{|a1(γ)−b1(γ)|, |a2(γ)−b2(γ)|}.

i.e. H(A,B) is the maximal distance between the α-
level sets of A and B. For example, if A = (a, α) and
B = (b, α) are fuzzy numbers of symmetric triangular
form with the same width α > 0 then

H(A,B) = |a− b|,

and if A = (a, α) and B = (b, β) then

H(A,B) = |a− b|+ |α− β|.

Let A ∈ F be a fuzzy number with [A]γ =
[a1(γ), a2(γ)], γ ∈ [0, 1]. We shall use the Goetschel-
Voxman defuzzification method [4] to define E(A), the
mean (or expected) value of A by

E(A) =

∫ 1

0

γ · a1(γ) + a2(γ)
2

dγ

∫ 1

0

γ dγ

=
∫ 1

0

γ(a1(γ) + a2(γ))dγ,

i.e. the weight of the arithmetic mean of a1(γ) and
a2(γ) is just γ. It is easy to see that if A = (a, α, β)
is a triangular fuzzy number then

E(A) =
∫ 1

0

γ[a− (1− γ)α+ a+ (1− γ)β]dγ

= a+
β − α

6
.

Specially, when A = (a, α) is a symmetric triangular
fuzzy number we get E(A) = a. Generally, if A =
(a, b, α, α)LR is a symmetric fuzzy number then the
equation

E(A) =
a+ b

2
.

always holds.
It can be shown [1] that E : F → R is a linear func-

tion (with respect to addition and multiplication by a
scalar of fuzzy numbers).

Theorem 3.1. Let [A]γ = [a1(γ), a2(γ)] and [B]γ =
[b1(γ), b2(γ)] be fuzzy numbers and let λ ∈ R be a real
number. Then

E(A+B) = E(A) + E(B), E(λA) = λE(A),

where the addition and multiplication by a scalar of
fuzzy numbers is defined by the sup-min extension
principle [8].



In [1] we introduced the (possibilistic) variance of
A ∈ F as

Var(A) =∫ 1

0

Pos[A ≤ a1(γ)]
[
a1(γ) + a2(γ)

2
− a1(γ)

]2

dγ

+
∫ 1

0

Pos[A ≥ a2(γ)]
[
a1(γ) + a2(γ)

2
− a2(γ)

]2

dγ

=
∫ 1

0

γ

([
a1(γ) + a2(γ)

2
− a1(γ)

]2

+
[
a1(γ) + a2(γ)

2
− a2(γ)

]2)
dγ

=
1
2

∫ 1

0

γ
(
a2(γ)− a1(γ)

)2
dγ.

The variance of A is defined as the expected value of
the squared deviations between the arithmetic mean
and the endpoints of its level sets, i.e. the lower
possibility-weighted average of the squared distance
between the left-hand endpoint and the arithmetic
mean of the endpoints of its level sets plus the upper
possibility-weighted average of the squared distance
between the right-hand endpoint and the arithmetic
mean of the endpoints of its level sets. The standard
deviation of A is defined by

σA =
√

Var(A).

For example, if A = (a, α, β) is a triangular fuzzy
number then

Var(A) =
(α+ β)2

24
.

especially, ifA = (a, α) is a symmetric triangular fuzzy
number then

Var(A) =
α2

6
.

If A is the characteristic function of the crisp inter-
val [a, b] then

Var(A) =
1
2

∫ 1

0

γ(b− a)2dγ =
(
b− a

2

)2

that is,

σA =
b− a

2
, E(A) =

a+ b

2
.

In probability theory, the corresponding result is:
if the two possible outcomes of a probabilistic vari-
able have equal probabilities then the expected value
is their arithmetic mean and the standard deviation
is the half of their distance.

The covariance between fuzzy numbers A and B is
defined as

Cov(A,B) =
1
2

∫ 1

0

γ(a2(γ)− a1(γ))(b2(γ)− b1(γ))dγ

The covariance measures how much the endpoints of
the γ-level sets of two fuzzy numbers move in tandem.
Let A = (a, α) and B = (b, β) be symmetric trianglar
fuzzy numbers. Then

Cov(A,B) =
αβ

6
.

In [1] we showed that the variance of linear com-
binations of fuzzy numbers can be computed in the
same manner as in probability theory.

Theorem 3.2. Let λ, µ ∈ R and let A and B be fuzzy
numbers. Then

Var(λA+µB) = λ2Var(A)+µ2Var(B)+2|λµ|Cov(A,B)

where the addition and multiplication by a scalar of
fuzzy numbers is defined by the sup-min extension
principle.

As a special case of Theorem 3.2 we get Var(λA) =
λ2Var(A) for any λ ∈ R and

Var(A+B) = Var(A) + Var(B) + 2Cov(A,B).

Another important question is the relationship be-
tween the subsethood and the variance of fuzzy num-
bers. One might expect that A ⊂ B (that is A(x) ≤
B(x) for all x ∈ R) should imply the relationship
Var(A) ≤ Var(B) because A is considered a ”stronger
restriction” than B. The following theorem [1] shows
that subsethood does entail smaller variance.

Theorem 3.3. Let A,B ∈ F with A ⊂ B. Then
Var(A) ≤ Var(B).

4 A fuzzy approach to demand
signal processing

Let us consider equation (1) with trapezoidal fuzzy
numbers

z∗1 = S1 − S0 +D0

=
ρ(1− ρν+1)

1− ρ (D0 −D−1) +D0

(2)

Then from Theorem 3.2 we get

Var(z∗1) =
[
ρ(1− ρν+1)

1− ρ

]2

Var(D0 −D1) + Var(D0)

+ 2
∣∣∣∣ρ(1− ρ

ν+1)
1− ρ

∣∣∣∣Cov(D0 −D−1, D0)

> Var(D0).

so the simple adaptation of the probablistic model (i.e.
the replacement of probabilistic distributions by pos-
sibilistic ones) does not reduce the bullwhip effect.



We will show, however that by including better and
better estimates of future sales in period one, D1, we
can reduce the variance of z1 by replacing the old rule
for ordering (2) with an adjusted rule.

Suppose now that a sequence of Di
1, i = 1, 2, . . . can

be derived such that

lim
i→∞

H(Di
1, D1) = 0,

and
D1

1 ⊃ D2
1 ⊃ · · · ⊃ D1

i.e. Di
1 is a better estimation of D1 than Dj

1 if i > j.
We can reduce the variance of z1 by replacing the

old rule for ordering (2) with the adjusted rule

zi1 = z∗1 ∩Di
1

=
[
ρ(1− ρν+1)

1− ρ (D0 −D−1) +D0

]
∩Di

1.

Really, from Theorem 3.3 and from

zi1 =[
ρ(1− ρν+1)

1− ρ (D0 −D−1) +D0

]
∩Di

1 ⊂ z∗1 ,
(3)

we get
Var(zi1) < Var(z∗1),

which means that the variance of the suggested opti-
mal order, zi1, is getting smaller and smaller as Di

1 is
getting sharper and sharper. The crisp value of the
optimal order is defined as the expected value of zi1
(which is the most typical value of zi1).

It can be seen that, similarly to the probabilistic
case, Var(zi1) is a strictly increasing function of the
replenishment lead time ν. However if ν = 0 then
equation (3) reads

zi1 = [ρ(D0 −D−1) +D0] ∩Di
1

and, furthermore, if ρ tends to zero then

lim
i→∞

Var(zi1) = Var(D0 ∩D1)

that is, the bullwhip effect can be completely elimi-
nated.

5 Summary

The factors driving the bullwhip effect appear to form
a hyper-complex, i.e. a system where factors show
complex interactive patterns. The theoretical chal-
lenges posed by a hyper-complex merit study, even
if significant economic consequences would not have
been involved. The costs incurred by the consequences
of the bullwhip effect offers a few more reasons for car-
rying out serious work on the mechanisms driving the

bullwhip. Thus, we have built a theory to explain at
least some of the factors and their interactions, and
we have created a support system to come to terms
with them and to find effective means to either reduce
or eliminate the bullwhip effect.

With a little simplification we have suggested the
following approach to counteract the bullwhip effect:
Find some means to share information from down-
stream of the supply chain with all the actors involved
in the supply chain.

A computerized implementation of our new results
is presently under way. We expect to be able to save
on the inventories found throughout the supply chain
for the fine paper markets in Europe.
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